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The density functional theory is used to study the effect of lattice strain on hydrogen diffusion in Pd. The
activation energy for this process is found to increase dramatically with increasing compressive lattice strain. In
particular, the activation energy is close to double for an isotropic compression of 5% both in the α and β phases.
For tensile strain, the activation energy is instead decreased. This finding has important consequences for the
interpretation of various kinetic processes occurring with participation of hydrogen and other interstitial atoms
in macroscopic solid samples and nanoparticles.
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Diffusion of interstitial atoms in solids is a basic kinetic pro-
cess that governs various phenomena such as phase transitions,
formation of cracks, and chemical reactions. It can be observed
under environmental conditions and is relevant to numerous
applications where microelectronics, new energy materials
(hydrogen storage), reactor safety (hydrogen-induced embrit-
tlement), and sensors are some examples. From a fundamental
point of view, the process is of high interest owing to the
complex interplay between the diffusion and self-induced
and/or external lattice strain.
If the concentration of interstitial atoms, c, is low and the
lattice strain is negligible, the diffusion is described by Fick’s
laws. In particular, the diffusion flux, J , of atoms is given by
J = −D∇c, (1)
where D is the diffusion coefficient. Under more complex
conditions that include strain and/or high concentrations, the
diffusion flux can phenomenologically be expressed by
J = −Bc∇μ, (2)
where μ is the chemical potential of atoms, and B is the
transport coefficient. In the absence of lattice strain, Eq. (2)
should be equivalent to Eq. (1) provided that c is low. Taking
into account that in this limit μ = kBT ln(c) + const , one
accordingly has B = D/kBT . The contribution of lattice strain
to the chemical potential is phenomenologically represented
as
μ = −v◦σii
3
, (3)
where v◦ is the increment of the lattice volume per interstitial
atom, and σii is the trace of the stress tensor. The corresponding
contribution to the diffusion flux is given by
Js = Dcv◦∇σii3kBT . (4)
This approach [Eqs. (3) and (4)] has been widely used
in material science since the seminal studies by Cahn and
Larche1,2 (see, e.g., recent articles3 and references therein).
Appreciable lattice strain may influence D. Although this
effect was noticed two decades ago,2 its quantitative role
has not been explored. The linear corrections proposed in
Ref. 2 are applicable only in situations when their role is
minor and this factor is generally ignored in applications.3
Phenomenologically, the dependence of D on lattice strain can
be described in the framework of the transition-state theory
(TST) implying that the diffusion jumps are activated. In
particular, expression (3) represents the shift of the energy
of the initial state for diffusion, and a similar expression can
be used for the shift of the energy at the transition state.4
Following this line yields
D = D◦ exp
[
− (v◦ − v∗)σii
3kBT
]
, (5)
where D◦ is the diffusion coefficient at σii → 0, and v∗ is
the volume increment that corresponds to the transition state.
Equation (5) indicates that lattice strain may either suppress
or facilitate diffusion depending on the sign of the difference
v◦ − v∗. It, however, does not allow determination of the sign
and value of the effect.
In this Brief Report, we use density functional theory
(DFT) calculations to investigate the effect of lattice strain
on activated interstitial diffusion. As a generic example,
H diffusion in Pd is analyzed. This system is of particular
interest, because H absorption in Pd is often accompanied by
hydride formation. Specifically, at T < Tc, H is well known
to be observed in the diluted state (α phase) and/or as hydride
(β phase) where the H loading (with respect to Pd) is about
or higher than 0.6.5 Tc  565 K for bulk samples whereas Tc
is appreciably reduced for nanoparticles. In fact, the hydride
formation in Pd is one of the best examples of first-order phase
transitions in solids5,6 (for details of such phase transitions,
see Ref. 7).
Taking into account that the hydride formation and de-
composition occur at relatively high temperatures and bearing
in mind the numerous related applications, we focus on
H diffusion treated as a classical activated process in the
framework of TST. Experimental studies indicate that in Pd,
this regime of diffusion is observed at temperatures above
230 K.8 (For the theory of tunnel diffusion, see, e.g., Ref. 9
and references therein.)
DFT has previously been used extensively to describe
various aspects of H adsorption on the surface and absorption
in the bulk of Pd (see Refs. 10 and 11, respectively). The effect
of lattice strain on H diffusion has, however, not been analyzed.
The related DFT studies12 are focused on the influence
of lattice strain on the binding and dissociation energies
of adsorbed surface species. The corresponding results are,
however, not directly applicable to diffusion of interstitial
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atoms in solids in general and H diffusion in the bulk of Pd in
particular.
Herein, the DFT is applied in the implementation with
plane waves and pseudopotentials.13,14 The Perdew-Burke-
Ernzerhof (PBE) parametrization is used for the approxima-
tion of the exchange-correlation (xc) functional.15 Ultrasoft
scalar-relativistic pseudopotentials (generated with PBE) are
employed to describe the interaction between the valence
electrons and the core.16 Pd is treated with a valance of
10. A plane-wave kinetic energy cutoff of 340 eV is used
to expand the Kohn-Sham orbitals. Tests with higher cutoff
energies show that the relative energies and lattice constants are
converged within 5 meV and 0.001 A˚, respectively. Reciprocal
space integration over the Brillouin zone is approximated with
finite sampling of the k-points.17 In particular, 14 special
k-points were employed in the cubic (2 × 2 × 2) cell of the
original unit cell.
The calculated lattice constant for the Pd fcc bulk phase
is 3.93 A˚. This is a slight expansion (1%) with respect to the
experimental value (3.89 A˚) and can be attributed to the applied
xc-functional.18 Gas-phase H2 and atomic H were treated in
a cubic cell with a side of 12 A˚. The binding energy (bond
distance) of H2 was calculated to be 4.53 eV (0.75 A˚), which
is in full agreement with previous calculations.15 The β phase
of PdH has a NaCl lattice with H placed in the octahedral
position of the Pd lattice. The lattice constant of PdH1 was
calculated to be 4.11 A˚. The experiment19 yields 4.09 A˚ for
this stoichiometry. The heat of formation (with respect to Pd in
the bulk phase and H2 in the gas phase) for PdH1 is calculated to
be −0.23 eV. This is in good agreement with the experimental
value of −0.20 eV.20
The H absorption is investigated in a cubic (2 × 2 × 2) cell
of the original unit cell. This is a system with 32 Pd atoms. To
ensure that the choice of computational cell is large enough
to capture the structural relaxations [this effect is important
for the calculation of diffusion barriers11], H absorption in the
octahedral and tetrahedral sites was evaluated in a (3 × 3 × 3)
cell. This cell includes 108 Pd atoms. In this case, four special
k-points were used. The energies of solution were affected less
than 0.01 eV by the increase of the computational cell, which
confirms that the (2 × 2 × 2) cell in this case is sufficient.
Hydrogen is preferably absorbed in the octahedral (O) sites
of the Pd fcc lattice. Upon diffusion between O-sites, the H
atom passes through a tetrahedral (T) site (the local geometries
of these sites are shown in Fig. 1). To quantify this pathway in
the dilute α phase, we have calculated (Fig. 1) the H absorption
potential energy (with respect to H2 in the gas phase), the
difference in total energies at the O and T sites, and the barrier
for H diffusion as a function of isotropic lattice compression.
The H absorption potential energy at zero compression (with
the optimal Pd lattice constant) is found to be −0.21 eV.
The absorption potential energy is close to linearly increasing
as the lattice is uniformly strained [the slope of this curve,
11.6 eV, is in fair agreement with that, 8.1 eV, predicted by
Eq. (3) with the experimentally measured parameters]. The
difference of the total energies at the O- and T-sites (0.07 eV
at zero compression) shows a linear dependence as well.
The positive absorption potential energies at high enough
compressive strain indicates that this is a metastable situation
which is mainly relevant under transient conditions.
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FIG. 1. (Color online) Energetics for H diffusion in α-Pd as a
function of lattice compression: (a) H absorption potential energy at
the octahedral site, (b) difference of the total energies at the O- and the
T-sites, and (c) activation energy for O to T diffusion. Open symbols
in (c) are activation energies with the zero-point energy corrections.
The local geometries of the O- and T-sites are shown to the right.
Atomic color codes: Pd (dark) and H (white).
The strain-related reduction of the H absorption potential
energy, which previously has been predicted for H in bcc-Fe,21
can be understood from the increased Pauli and electrostatic
repulsion as the H–Pd distances are reduced. The repulsive
interaction can be described by using an exponential pairwise
potential.22 Close to the equilibrium, the Taylor expansion of
the repulsive potential has leading order linear and quadratic
terms in the distance dependence. The increased difference of
the H absorption energies at the O- and T-sites, as the lattice is
compressed, comes from the fact that H in the T-site is closer
to the metal atoms. The H–Pd distance in the O-site at zero
compression is 1.98 A˚, whereas it is 1.77 A˚ in the T-site.
For the optimized Pd lattice, the activation energy for H
diffusion [Fig. 1(c)] is found to be 0.22 eV. This is close to the
experimental value [0.20–0.23 eV (Ref. 8)] as well as previous
theoretical reports.11 There is a marked dependence of the
barrier on the lattice stain. In particular, the barrier is close to
double (0.52 eV) for a compression of 5%. The barrier is in all
cases close to the point where H is passing through the triangle
that separates the O- and T-sites. For the relaxed lattice, the
H–Pd distance at the transition state is calculated to be 1.70 A˚.
The strong strain dependence on the diffusion barrier can be
rationalized in the same way as the energy differences between
the O- and T-sites.
The activation barriers reported above do not include the
zero-point energy (ZPE) effects. To estimate the corresponding
contribution to the activation energy, the vibrational modes of
H are evaluated with a frozen metal lattice at the O-site (three
modes) and the transition state (two modes), respectively.
Inclusion of the ZPE effects yields [Fig. 1(c)] an increased
diffusion barrier by ∼0.08 eV that is the same over the
range of investigated lattice compressions. Also the role
of tunneling in the diffusion is estimated. At temperatures
above room temperature, the tunneling increases the diffusion
052301-2
BRIEF REPORTS PHYSICAL REVIEW B 84, 052301 (2011)
coefficient (as compared to the TST value) by a factor of
χ = h¯ω/[2kBT sin(h¯ω/2kBT )], where ω is the imaginary
frequency at the transition state.23 With the calculated fre-
quencies for the unconstrained (361 cm−1) and 5% compressed
(462 cm−1) lattice at T = 300 K, χ is calculated to be 1.14 and
1.17, respectively. As expected, the role of tunneling is minor
at this or higher temperatures and shows a weak dependence
on lattice compression.
The experimental stoichiometry of the β phase is known to
be PdHx with x ≈ 0.7, which therefore represents the relevant
composition for studies of H diffusion. As the system has an
uncertainty with respect to the choice of O sites for occupation
by H, we explore 75 different configurations generated by
random occupation of 22 O sites in the (2 × 2 × 2) cell (i.e.,
for Pd32H22). These calculations are performed in a Pd cell that
structurally corresponds to the equilibrium lattice of PdH1. The
differences in total energies for the investigated configurations
exhibit a narrow energy distribution where the highest and the
lowest energies are separated by only 0.19 eV (0.01 eV per H
atom). A configuration at the mean energy is chosen for further
investigations of H diffusion. The lattice constant is optimized
for this structure and found to be 4.06 A˚, which is close to the
experiment (4.04 A˚19).
To analyze H diffusion in the β phase, the same calculations
are performed (Fig. 2) as for the α phase. Just as for the α
phase, the difference in total energy of the O- and T-sites and
the diffusion barrier is found to be linearly dependent of the
lattice strain. In fact, the barriers are nearly identical for the
two phases. The dependence of the H absorption energy for
the β phase is, however, nonlinear. This comes from the fact
that zero compression represents the equilibrium lattice for
Pd32H22.
The key finding of the present study is that the activation
energy for H diffusion in Pd dramatically increases with
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FIG. 2. (Color online) Energetics for H diffusion in Pd32H22 as
a function of lattice compression: (a) average H absorption potential
energy, (b) difference of the H energies at the O- and the T-sites sites,
and (c) activation energy for O to T diffusion.
0.0 0.2 0.4 0.6 0.8 1.0
Interface radius (       )
0.0
0.2
0.4
0.6
0.8
1.0
D
iff
us
io
n 
co
ef
fic
ie
nt
 (  
    
  )
D
/D
0
R/Rp
FIG. 3. (Color online) Coefficient of H diffusion in the hydride
shell of a spherical Pd nanoparticle as a function of the interface radius
at 300 K. The results are for PdH0.7 with C = 2.3 eV and κ = 0.032
(these parameters were obtained from the present DFT calculations;
see, e.g., Fig. 2).
increasing compressive lattice strain. For the tensile strain, the
effect is opposite. In particular, the activation energy is close to
double for an isotropic compression of 5% in both phases. This
finding has important consequences for the interpretation of
various kinetic processes that occur in macroscopic Pd samples
and nanoparticles.
One important example is hydride formation in Pd nanopar-
ticles. This process is expected to be limited by H diffusion via
a hydride shell formed on the periphery of the nanoparticle.24
The activation energy for H diffusion in the hydride can
be written as Ea = E◦a − Aσii , where E◦a is the value that
corresponds to the stress-free case, and A is a constant
[cf. Eq. (5)]. Taking into account that the trace of the stress
tensor is proportional to the trace of the deformation tensor,
uii , this expression can be rewritten as Ea = E◦a − Cuii , where
C is a constant (this constant can be calculated by the use
of the results reported in Fig. 3). The deformation tensor
for the self-induced strain in the hydride shell of a spherical
nanoparticle is given by uii = −2κ(1 − 2σ )R3/[(1 − σ )R3p],4
where Rp is the particle radius, R (0  R  Rp) is the
coordinate that corresponds to the interface between the two
phases, κ is the linear mismatch parameter, and σ is Poisson’s
ratio (0.38 for Pd). In addition, there is strain related to surface
tension. The latter strain is, however, nearly constant during
the formation of the hydride phase and accordingly can be
omitted here. Thus, the diffusion coefficient can be described
by
D = D◦ exp
[
−2Cκ(1 − 2σ )R
3
(1 − σ )R3pkBT
]
, (6)
where D◦ is the value that corresponds to R → Rp. By the
use of expression (6), D has been calculated for H diffusion
in the hydride shell as a function of R (Fig. 3). The diffusion
coefficient is lowered substantially in the beginning of the
hydration (at R → Rp). In fact, at this radius, the diffusion
coefficient is reduced to only 10% of the strain-free case. This
feature, which is related to compression of the hydride shell
due to its contact with the metal core, qualitatively changes
the course of the hydration kinetics by extending the initial
phase.
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To conclude, we have used DFT calculations to investigate
the effect of lattice strain on activated interstitial hydrogen
diffusion in Pd. The effect is found to be dramatic in the α
phase as well as in the β phase. By coupling the first principles
results to a continuum model for hydrogen diffusion in Pd
nanoparticles, it is demonstrated that the self-induced strain
may qualitatively change the hydration kinetics. As the H/Pd
system is generic, similar effects are anticipated in many other
situations and/or systems.
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